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In the last lecture we discussed how an enzyme (E) binds to a substrate (S), and how this leads to 

production of a product (P).  There we found that we can describe the basic enzyme-substrate 

kinetics by writing down the rate equations. For example, we found that 

𝐸 +  𝑆 
!
𝐸𝑆                            (2.1)  

where K is the equilibrium constant defined as: 𝐾 = !!
!!

.   

 We also found that if the enzyme E has N sites at which the substrate S can bind to, then 

we can describe such reactions as 

𝐸𝑆!  +  𝑆 
!!!!

𝐸𝑆!!!             (2.2) 

 

where j is an integer between 0 and N-1 (ES0 is written as just E) and 𝐸𝑆! is E bound to j copies of 

S. In last week's lecture, we found that, under the assumption of binding and unbinding happening 

on a fast time scale, we can assume equilibrium being reached. In such a case, we found that the 

average number of substrates bound to an enzyme is 

 

< # 𝑏𝑜𝑢𝑛𝑑 𝑡𝑜 𝐸 >=
𝐾![𝑆] + 2𝐾!𝐾![𝑆]! +⋯⋯+ 𝑁𝐾!𝐾!!!⋯𝐾![𝑆]!

1 + 𝐾![𝑆] + 𝐾!𝐾![𝑆]! +⋯⋯+ 𝐾!𝐾!!!⋯𝐾![𝑆]!
           (2.3) 

 

Typically, we care about the fraction f of the sites on E that are occupied by S, which we obtain by 

dividing above equation by N:  

𝑓 =
< # 𝑏𝑜𝑢𝑛𝑑 𝑡𝑜 𝐸 >

𝑁
             (2.4) 

 

In the above scenario, we lumped several chemical reactions into one. Specifically, we did not 

distinguish between S binding to one of the N sites on E versus S binding to another site on E. 

This does not mean that we are assuming all binding sites of E to be identical. We can specify 

whether they are identical or not. There is one special case that is particularly important for us. 

 

Special case: Two identical binding sites on an enzyme (or DNA) that affect each other 

Consider an enzyme E (or a DNA) with two identical binding sites for a substrate. The two binding 

sites positively or negatively interact with each other. For example, if one substrate binds to one 

site, it can help one more substrate bind to the other site. This is a positive interaction. If the bound 

substrate makes it more difficult for one more substrate to bind at the other site, then we have a 

negative interaction. In this section, we make this idea mathematically rigorous.  

 The chemical reactions that occur are 

𝐸 +  𝑆 
!! 𝐸𝑆              (2.5) 
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𝐸𝑆 + 𝑆 
!! 𝐸𝑆!            (2.6) 

where K1 is the equilibrium constant for the first binding event (at either of the two binding 

sites on E) and K2 is the equilibrium constant for the second binding event (at the 

remaining free site on E). We can get a microscopic picture if we now look at above 

reactions in terms of binding and unbinding from each of the two sites. That is: 

𝐸 +  𝑆 
!!!

  !!

𝐸𝑆               (2.7) 

𝐸𝑆 +  𝑆 
   !!

  !!!

𝐸𝑆!           (2.8) 

where k+ is the association rate that is the rate at which S hops onto an unbound E (at either site), 

k- is the dissociation rate that is the rate at which S hops off an E bound to S at either one of the 

two sites, γ+ is the association rate that is the rate at which S hops onto ES, and γ- is the 

dissociation rate that is the rate at which S hops off an E bound to two copies of S. Then the 

equilibrium constants are: 

𝐾! =
2𝑘!
𝑘!

=
𝐸𝑆
𝐸 𝑆          (2.9) 

 

𝐾! =
𝛾!
2𝛾!

=
𝐸𝑆!
𝐸𝑆 𝑆           (2.10) 

 

Then we found last time that we have the average fraction f of the two sites on E bound by 

substrates is 

𝑓 =
< # 𝑏𝑜𝑢𝑛𝑑 𝑡𝑜 𝐸 >

2
=

𝐾![𝑆] + 𝐾!𝐾![𝑆]!

1 + 2𝐾![𝑆] + 𝐾!𝐾![𝑆]!
          (2.11) 

 Note that 0 ≤ 𝑓 ≤ 1. We can analyze this in three cases. 

 

Case 1. K1=K2 : In this case, we have 

𝑓 =
𝐾! 𝑆

1 + 𝐾! 𝑆
                                          

  =
𝑆

1/𝐾! + 𝑆
                         (2.12) 

 

which has the same functional form as the Michaelis-Menten but is not Michaelis-Menten equation. 

Remember, the Michaelis-Menten equation describes production rate. Here, we have f, which is 

not a rate but the average fraction of sites bound on E. For reasons we will see next, let's call this f 

to be "f0". So, 
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𝑓! =
𝑆

1/𝐾! + 𝑆
           (2.13) 

 

Case 2. K1 > K2 : In this case, binding of the first S to E makes binding of the second S more 

difficult compared to Case 1, which includes two independent sites that do not interact with each 

other. We can see this in two ways. First, note one way to have K1 > K2 is by making γ- to be larger 

than k- while having k+ = γ+ (i.e., when everything else is the same, we make it more likely for 

dissociation to occur for ES2 than it is for ES). Similar exercise with γ+ leads to the same 

conclusion. A more systematic way to see this is to compare the average fraction f of bound sites 

with the f0 given above. That is: 

𝑓 − 𝑓! =
𝐾![𝑆] + 𝐾!𝐾![𝑆]!

1 + 2𝐾![𝑆] + 𝐾!𝐾![𝑆]!
−

𝑆
1/𝐾! + 𝑆

                              

              =
𝐾!(𝐾! − 𝐾!)[𝑆]!

(1 + 𝐾![𝑆])(1 + 2𝐾![𝑆] + 𝐾!𝐾![𝑆]!)
                  (2.14) 

Note that f < f0  if and only if K2 < K1. Thus indeed, K2 < K1 means that there is less binding of S 

onto E. We call this negative cooperativity. This means that binding of the first S onto E 

interferes with the binding of the second S onto E. 

  

Case 3. K1 < K2 : In this case, binding of the first S to E makes binding of the second S to E more 

likely compared to Case 1. To see this, note that f > f0  if and only if K2 > K1. Thus indeed, K2 > K1 

means that there is more binding of S onto E. We call this positive cooperativity. This means that 

binding of the first S onto E promotes the binding of the second S onto E. 

 

Measuring the "degree" of cooperativity 

We can quantify the "amount" of positive and negative cooperativity. To do this, we will define a 

useful quantity in biological circuits, called the Hill coefficient. To motivate the Hill coefficient, let's 

first consider an incredibly high positive cooperativeness. This would mean that binding of one S 

immediately leads to the binding of the second S. That is, one cannot observe ES but only ES2 or 

E. Note that a highly positive cooperativeness doesn't mean that we will have only ES2 (and thus 

f=1) and never observe E. It might be that binding of the first S onto E occurs at a very low rate, in 

which case we would still observe the enzyme in an unbound state. But once the first S binds to 

the E, then the binding of the second S onto E must immediately follow if the cooperativity is 

positive to an incredibly high degree. For this reason, we can represent such a reaction as 

𝐸 + 2𝑆 
!
𝐸𝑆!                             (2.15) 

where 𝐾 =  [𝐸𝑆!] ([𝐸][𝑆]!). That is, we never observe ES thus we don't write any reactions that 

explicitly involve ES. Here, the fraction f of bound sites on E is 

𝑓 =
𝐾[𝑆]!

1 + 𝐾[𝑆]!
                                  (2.16)  
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The biochemist Archibald Hill (1886 - 1977) originally calculated this to study how much O2 binds 

to the hemoglobin. He suggested to look at how f depends on the ln([S]). Taking the logarithm of 

both sides of above equation, we obtain 

𝑙𝑛(𝑓) + 𝑙𝑛(1 + 𝐾[𝑆]!) = 𝑙𝑛(𝐾𝑎!) + 2𝑙𝑛
[𝑆]
𝑎

                 (2.17) 

where the "a" represents a constant with dimension of concentration (this is because we need 

anything inside a logarithm to be dimensionless). We can rewrite above equation as 

 

𝑙𝑛
𝑓

1 − 𝑓
= 𝑙𝑛(𝐾𝑎!) + 2𝑙𝑛

[𝑆]
𝑎

                        (2.18) 

 

As Hill suggested, plotting 𝑙𝑛 !
!!!

 VS 𝑙𝑛 [!]
!

, we obtain a straight line with slope of 2 and an y-

intercept of ln(𝐾𝑎!). Hill called the slope of the 𝑙𝑛 !
!!!

 VS 𝑙𝑛 [!]
!

 graph to be the "Hill 

coefficient", which in this case is equal to 2. He proposed to define the slope to be a measure of 

the "degree of cooperativity". Experimentally, measuring f and [S], then plotting such a graph tells 

the experimentalist what K and the Hill coefficient (in this case, equal to 2) are. 

 Let's apply Hill's definition of the degree of cooperativity (the Hill coefficient) to the f that we 

found for two cooperative binding sites on an enzyme (or a DNA) (equation 2.11). First, let's 

reduce the number of variables by defining x = K1[S] and 𝛿 = !!
!!

. We can rewrite equation 2.11 as 

𝑓 =
𝑥(1 + 𝛿𝑥)

1 + 2𝑥 + 𝛿𝑥!
              (2.19) 

The slope of 𝑙𝑛 !
!!!

 VS 𝑙𝑛 [!]
!

 for equation (2.19) is the Hill coefficient n.  That is, 

𝑛 =  
𝑑𝑙𝑛(𝑓 (1 − 𝑓))

𝑑(𝑙𝑛[𝑆])
 

   = 𝑥
𝑑
𝑑𝑥

𝑙𝑛
𝑓

1 − 𝑓
 

= 1 +
(𝛿 − 1)𝑥

(1 + 𝛿𝑥)(1 + 𝑥)
         (2.20) 

First note that the Hill coefficient n depends on the concentration [S] (i.e., x). We can use MATLAB 

to plot equation (2.20). On the next page are some example curves for various values of δ and x. 

From these plots, we see that for a positively cooperative binding of a substrate (e.g., transcription 

factor) on DNA with two binding sites, the Hill coefficient is between 1 and 2 (with 2 being nearly 

unattainable). In fact it turns out that even for a DNA with more than two binding sites, a Hill 

coefficient of 2 or larger is rarely observed. Similarly, for a negatively cooperative binding of a 

substrate to two binding sites on DNA, the Hill coefficient is between 0 and 1 (with 1 being nearly 

unattainable). 
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Fig. 2.1 - Two positively cooperative binding sites on an enzyme or a DNA. Plot of 
equation 2.20. Note that a Hill coefficient of 2 is not possible for a finite value of δ. This is 
because ES is an observable configuration. 

	
Fig. 2.2 - Two negatively cooperative binding sites on an enzyme or a DNA. Plot of 
equation 2.20. Note that a Hill coefficient of 0 is not possible for a finite value of δ. This is 
because ES is an observable configuration. 
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Why do we care about all this enzyme-substrate kinetics? 

We spent a lot of time discussing the kinetics of substrates binding to an enzyme. You're taking a 

course on "cellular dynamics" and genetic circuits. How is the enzyme-substrate kinetics relevant 

to genetic circuits? The idea is that instead of an "enzyme", we consider a DNA with binding sites 

(thus the "E" is a DNA). Moreover, the "S" is a transcription factor or some other protein (e.g., 

mRNA polymerase that binds to the DNA, and then slides through the DNA to make an mRNA for 

that gene). The equations of enzyme-substrate kinetics tells us a phenomenological function 

(simple function) that describes this process. That's why we have spent all this time discussing 

chemical kinetics. In particular, note that the second derivative of f (equation 2.19) give us 

 

𝑑!𝑓
𝑑𝑥!

= 2
𝛿 − 2 − 𝛿𝑥(𝛿𝑥! + 3𝑥𝛿 + 3)

(𝛿𝑥! + 2𝑥 + 1)!
     (2.21)       

Note that !
!!

!!!
 changes a sign from positive to negative as x goes from zero to infinity if and only if 

δ > 2.  Graphically studying f, we find that we can simplify our models of gene expression if we 

represent f as a sigmoidal function of the form: 

𝑓 =
𝑉𝑥!

𝐾 + 𝑥!
 

Thus our study of the chemical kinetics equations tells us that above simpler looking "sigmoidal 

equation" is a good phenomenological function to represent the fraction f of protein (substrate) 

bound to a certain region (promoter region) of DNA. In the case the protein is a "transcription 

factor", then the protein production rate from the DNA will be proportional to f. 

 

Let's take a look at these phenomenological functions. 

 

In all the discussions below, we will consider the production of mRNA from a gene, and produciton 

of protein from a gene. Remember the central dogma of molecular biology: A polymerase binds 

to DNA, then slides through a gene located near where it binds, this produces a mRNA, then a 

second protein called the "ribosome" binds to a mRNA molecule, slides through it to produce a 

protein. The process of producing a mRNA molecule from a gene is called “transcription”. The 

process of producing a protein from a mRNA molecule is called “translation”. Every gene in a cell 

produces an mRNA molecule. And every mRNA molecule produces a protein. So if a cell has 

30,000 genes (roughly the number of genes in every human cell), then there will be 30,000 types 

of mRNA molecules (one for each gene) and correspondingly a 30,000 types of proteins (one for 

each type of mRNA). There are exceptions to this rule (e.g., one gene can produce two types of 

mRNA). But for the most part, the simple paradigm that we just stated is true. This simple 

paradigm is called the “Central dogma of molecular biology”. You can think of mRNA as a stringy 

molecule, like a nanosized spaghetti. mRNA is really a string-like polymer made with a sequence 
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of letters (called “nucleotides”). There are only 4 types of letters allowed, just like DNA. These are: 

“A”, “T”, “C”, “U”. So intuitively, for the cell to produce a protein, it needs some “machine” that will 

read through this sequence of letters. The machinery should then make the protein of the right 

shape, size, and properties that this sequence of letters encodes. This machine is actually another 

protein – a very important one – called the “ribosome”.  

 

 

1. Constitutive gene expression: Consider a DNA (D) and a RNA polymerase (Pol) giving rise to an 

mRNA molecule (mRNA).  

𝐷 +  𝑃𝑜𝑙 
!
𝐷𝑃𝑜𝑙 

!!  𝐷 + 𝑃𝑜𝑙 +𝑚𝑅𝑁𝐴                          (2.22)  
In our first lecture, we derived the equation for Michaelis-menten kinetics. So we know that  

𝑑𝑚
𝑑𝑡

=
𝑉![𝑃𝑜𝑙]
𝐾 + [𝑃𝑜𝑙]

          (2.23) 

where m is the concentration of mRNA. Now in a cell, we consider the [Pol] to be a fixed number 

(i.e., it doesn't vary much other than right before and after a cell division). This is an assumption. 

But it is one that is good enough for many situations that we are interested in. In that case, we 

simply have: 
𝑑𝑚
𝑑𝑡

= 𝑘!                  (2.24) 

where 𝑘! is a constant determined by the fixed value of [Pol] in the Michaelis-Menten equation 

(2.23). We are often interested in not the production level of mRNA but the production level of 

proteins. A single ribosome will slide through a mRNA, starting from the beginning of mRNA 

“string” and sliding until the end of the string. At end of the mRNA, the ribosome slides off the 

mRNA. As the ribosome is sliding, it is actually building the protein in real-time. So the protein is 

reading and decoding the sequence in real-time as it is sliding. So if there are M mRNA molecules, 

and on average R ribosome molecules slide through each mRNA, then we have R x M proteins 

made per unit time. In a cell, it is not possible to reliably measure the integer number of proteins 

inside a cell. What one can measure, instead, are the average concentration of proteins per cell. 

This would then be: R x M/V, where V is the average volume of the cell. So: 

 
𝑑𝑝
𝑑𝑡

= 𝑅𝑚              (2.25) 
 
But this assumes that a protein doesn’t degrade. Taking a linear degradation rate of protein into 

account we have 

 
𝑑𝑝
𝑑𝑡

= 𝑅𝑚 − 𝛾!𝑝     (2.26) 
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where the second term in above equation describes that each protein has a certain chance of 

being degraded, independent of what the other protein is doing. The mRNA concentration m in a 

cell can change over time. This is because mRNA is also being produced and degraded in the cell. 

The equation that describes the concentration of mRNA in a cell is  

 

𝑑𝑚
𝑑𝑡

= 𝑘! − 𝛾!𝑚          (2.27) 
 
 
Note that the production rate of mRNA per volume km is a constant. This is because there is a fixed 

number (and thus a fixed concentration) of the gene that codes the mRNA in a cell and we assume 

that the concentration of mRNA polymerase doesn't remains nearly constant. The copy number of 

the gene doesn’t change over time (simplification again, because when a cell divides to make a 

copy of itself, it needs to duplicate the gene, but the idea is that this is a minor fraction of the cell’s 

lifetime). To simplify our model, we invoke the fact that the mRNA lifetime, and all processes 

associated with mRNA (e.g., production and degradation rate of mRNA) is much faster than the 

time scale associated with protein production and degradation. More specifically, this means that 

mRNA level reaches equilibrium much faster compared to the time scale 1/R and 1/γ. Note that 

above equation for mRNA reaches an equilibrium. So “m” in the equation (2.26) for the protein 

level can be replaced by the equilibrium concentration of mRNA. To summarize we have the 

following equations for gene expression: 

 
𝑑𝑝
𝑑𝑡

= 𝑘! − 𝛾!𝑝      (2.28) 
 

𝑑𝑚
𝑑𝑡

= 𝑘! − 𝛾!𝑚     (2.29) 
 
note that these equations are uncoupled. That is, one equation is independent of the other (strictly 

speaking kp is a constant whose value depends on equilibrium value of m but mathematically the 

two equations are independent of each other). Note that the two equations have the same form: 

Namely first-order degradation with a constant production rate. 

 

Taking the same argument as above, we can generalize to a situation in which the production rate 

is not constant but depends on some complex scheme: 

 
𝑑𝑝
𝑑𝑡

= 𝑘!(𝑞!,… 𝑞!; 𝑡) − 𝛾!𝑝      (2.30) 

 

where qj are some variables that affect the transcription rate.  

 



AP3161	-	Cellular	dynamics	 	 Lecture	2:	Feb.	2016	

	 	 Hyun	Youk	
	 	 													TU	Delft	

9	

This is a good point to discuss “gene regulation” – that is, how a gene expression is regulated by 

various factors (representing the variables in the function kp). For example, a protein that binds to 

its own promoter would have kp= kp(p). If this function increases as p increases, then we say that 

the protein upregulates its own expression through a positive feedback. A negative feedback is 

when kp= kp(p) decreases as p increases. Without knowing anything about the specific formula for 

k, we can understand general properties of these systems. An important issue is how many stable 

and unstable equilibrium points exist in the equations.  We will discuss gene regulation in more 

detail next time. 

 


