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5.1. Basic equations that describe the number of proteins produced over time by 

genetic circuits 

 Gene expression is the process of making mRNA and protein from a gene. Genes 

are particular sequences on DNA. A gene "expresses" itself through the mRNA that is made 

from it and the protein that is made from that mRNA. In a more fancy language, we say that 

mRNA is transcribed from the gene on the DNA (in a process called transcription) and that 

protein is translated from the mRNA (in a process called translation). Specifically, particular 

enzymes, which are really macromolecular machines, govern the transcription and 

translation. An enzyme called RNA polymerase slides over the sequence of the gene on a 

DNA to make (transcribe) an mRNA molecule. Once the mRNA is made, the enzyme called 

Ribosome slides over the mRNA to made a protein. The protein is the molecular machine 

that performs a certain function inside the cell. For example, the protein can be an enzyme 

for certain processes or it can form part of the cellular structure like a brick in a building. 

Whatever the purpose of the protein (thus the gene) may be, the basic equations that 

describe the concentration of protein and mRNA in a cell are dictated by the kind of genetic 

circuit that the gene is part of.  The goal of this lecture is derive and analyze the equations 

that describe the dynamic changes in the concentrations of proteins and mRNAs for typical 

genetic circuits that are commonly found in various organisms. 

 

5.2. Genetic circuit I: Constitutive gene expression 

Let's begin by analyzing the simplest genetic circuit: A circuit with one gene that produces 

mRNA and protein at a constant rate. Using the chemical kinetics scheme that we discussed 

in Lecture 1 and 2, the process of transcription is 

 

𝐷𝑁𝐴! + Polymerase mRNA
!! 𝐷𝑁𝐴! + Polymerase mRNA +𝑚𝑅𝑁𝐴! 

 

where X is the name of a gene, DNA represents the DNA on which the gene X is located, 

PolymerasemRNA is the RNA polymerase (not to be confused with DNA Polymerase, which 

slides through DNA to make a copy of DNA to give to a daughter cell during cell division), km 

is the transcription rate, and mRNAX is the mRNA molecule that has the RNA sequence of 

gene X. Note that DNA and the RNA polymerase are not consumed in this process! Thinking 

of RNA polymerase as an enzyme, this makes sense (remember from Lectures 1 and 2 that 

enzymes are never consumed during chemical reactions). DNA is a substrate, but unlike the 

substrates that we studied in Lectures 1 and 2, DNA also does not get consumed during 

transcription. If it did, it would be like burning a book (DNA) after copying all the words in the 
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book (sequence of codons), which wouldn't make for a good library (cell)! Nature indeed 

does the sensible thing. 

 The process of translation is  

𝑚𝑅𝑁𝐴! + Ribosome
!!
Ribosome + Protein X +𝑚𝑅𝑁𝐴! 

Here kp is the translation rate and ProteinX is the protein X. Note that the mRNA and the 

ribosome are not consumed in this process. Finally, we represent the degradation of mRNA 

and protein as 

𝑚𝑅𝑁𝐴!
!! 𝜙 

𝑃𝑟𝑜𝑡𝑒𝑖𝑛!
!!
𝜙 

where γm and γp are degradation rates of the mRNA and the protein respectively. We do not 

have degradations of Ribosome, DNA, and the RNA polymerase because we will assume 

that their concentrations do not change over time. That is, we assume that their 

concentrations inside the cell remain constant throughout the life of the cell. This is a good 

approximation for most situations that researchers are interested in. One place where this 

assumption can fail is during the cell cycle in which the cell replicates all of its DNA. Our 

assumption also fails during physical replication of the cell itself (one cell becoming two 

cells). But for most of the cell cycle, neither processes occur. For most of the cell cycle, the 

cell is just growing in volume (more on that later) before it reaches a stage when it can 

replicate its DNAs and yield a daughter cell (the point of growing in size is so that a daughter 

cell can form).  With this caveat in mind and with our assumption, the above four chemical 

kinetics equations give us the following equations: 

 
𝑑𝑚
𝑑𝑡

= 𝑘![𝐷𝑁𝐴!][𝑃𝑜𝑙𝑦𝑚𝑒𝑟𝑎𝑠𝑒!"#$]  −  𝛾!𝑚               (5.1) 

 
𝑑𝑝
𝑑𝑡

= 𝑘!𝑚[𝑅𝑖𝑏𝑜𝑠𝑜𝑚𝑒]  −  𝛾!𝑝                                              (5.2) 

 

where m = [mRNAX] and p = [ProteinX]. Since [DNAX], [PolymerasemRNA] and [Ribosome] 

remain constant over time, we can simplify above equation (i.e., write fewer parameters) by 

defining 𝑘! ≡ 𝑘![𝐷𝑁𝐴!][𝑃𝑜𝑙𝑦𝑚𝑒𝑟𝑎𝑠𝑒!"#$] and 𝑘! ≡ 𝑘![𝑅𝑖𝑏𝑜𝑠𝑜𝑚𝑒]. Then above equations 

become 

 
𝑑𝑚
𝑑𝑡

= 𝑘! −  𝛾!𝑚                                                                     (5.3) 
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𝑑𝑝
𝑑𝑡

= 𝑘!𝑚 −  𝛾!𝑝                                 (5.4) 

 

These are coupled differential equations. They are coupled because the protein 

concentration p depends on the mRNA concentration m. We can solve for m(t) exactly by 

hand. The problem is that p(t) would depend on m(t), and since m(t) changes over time, it 

turns out that we cannot solve for p(t) exactly and analytically (i.e., with pen and paper alone) 

[Try it yourself, you will find that dp/dt is not one of the "familiar" differential equations from 

your courses]. So you have two options: (1) Solve above equations exactly using a computer 

program (e.g., MATLAB), or (2) Solve above equations approximately using pen and paper 

(i.e., analytically) by making biologically reasonable assumptions. Let's do option (2) first. So 

what assumption shall we make that is "biologically reasonable"? Note that we can solve 

above equations by hand if p(t) does not depend on the m changing over time. Indeed our 

saviour is that for typical genes, the changes to their mRNA concentrations occur much 

faster than the changes to the concentrations of their proteins. That is, as we did in deriving 

the Michaelis-Menten equation in Lecture 1, we assume that the mRNA concentration quickly 

reaches a steady-state value before protein production takes place (i.e., before any protein is 

made).  With this quasi steady-state assumption, our equations become 

 
𝑑𝑚
𝑑𝑡

= 𝑘! −  𝛾!𝑚                      (5.5) 

 
𝑑𝑝
𝑑𝑡

= 𝑘!𝑚!! −  𝛾!𝑝                  (5.6) 

 

where mss is the constant steady-state concentration of the mRNA.  So in fact, both 

equations have the same form but with different variables. By setting dm/dt = 0, we have  

 

𝑚!! =  
𝑘!
𝛾!

                                   (5.7) 

so we have  

𝑑𝑝
𝑑𝑡

= 𝑘!
𝑘!
𝛾!

−  𝛾!𝑝                   (5.8) 

 

Above equations make sense. The higher the production rate of mRNA, the more mRNA the 

cell has in steady-state. The higher the degradation rate of mRNA, the less mRNA the cell 

has in steady-state. Fully solving for dm/dt tells us how the mRNA concentration reaches this 
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steady-state over time. To solve equations like dm/dt (and dp/dt, which now has the same 

form as dm/dt), we use a two-step procedure. First, we solve for the homogeneous equation 
𝑑𝑚!

𝑑𝑡
= − 𝛾!𝑚!                  (5.9) 

to obtain 

𝑚!(𝑡) = 𝐴𝑒!!!!                 (5.10) 

where A is a constant to be determined later. Next, we look for a particular solution for the 

inhomogeneous equation (i.e., any solution that you can find that satisfies below equation) 

𝑑𝑚!

𝑑𝑡
= 𝑘! −  𝛾!𝑚!                    (5.11) 

Since you need to find just one solution that satisfies above equation, you can make your job 

easier by finding the easiest case. For example, you can see if you can find a constant 

solution (i.e., m2 is a constant) so that you can make the derivative equal to zero. Indeed 

such solution exists 

𝑚! =  
𝑘!
𝛾!

                          (5.12) 

It is in fact the steady-state solution that we found earlier. The general solution to our original 

equation 
𝑑𝑚
𝑑𝑡

= 𝑘! −  𝛾!𝑚             (5.13) 

is 

𝑚(𝑡) = 𝑚!(𝑡) +𝑚!(𝑡)                     

         =  
𝑘!
𝛾!

+ 𝐴𝑒!!!!        (5.14) 

where A is a constant that is determined by the initial condition (i.e., m(0)). Under the quasi-

steady state assumption, the protein concentration p(t) is 

𝑝(𝑡) =  𝑘!
𝑘!
𝛾!

+ 𝐵𝑒!!!!              (5.15) 

where B is a constant that is determined by the initial condition (i.e., p(0)).  

 With these general solutions, let's look at the case in which there are initially no 

proteins or mRNAs (i.e., p(0)=0 and m(0)=0).  Then we can solve for A and B to obtain 

𝑚(𝑡) =  
𝑘!
𝛾!

(1 − 𝑒!!!!)                      (5.16) 

𝑝(𝑡) =  𝑘!
𝑘!
𝛾!

(1 − 𝑒!!!!)                 (5.17) 

Note that the steady-state of the protein concentration is 𝑘!
!!
!!

. This again makes intuitive 

sense (run through the argument yourself as we did above for mss to see why this is 
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intuitive). Curiously, note that the time to reach the steady-state value is determined only by 

the degradation rates because only the degradation rates appear inside the exponentials.  

 

Plotting equations 5.16 and 5.17 on MATLAB, we obtain 

 

Above we have used the quasi steady state approximation, in which we assumed that the 

mRNA concentration quickly reaches a steady state first (near t ~ 0) before the cell has a 

chance to translate proteins from the mRNA. In other words, we have assumed that the 

mRNA level reaches a constant level near t ~ 0 before protein concentration (p(t)) starts to 

increase from zero.  Is this assumption valid? Does it actually happen in real cells? To 

answer this question, we need to look up "typical" values of degradation and production rates 

of mRNA and proteins. To look up "typical" numbers such as the typical time for a cell to 

replicate, the number of bases in the human genome, and other useful numbers, you can 

look at the following database: www.BioNumbers.org.  

 Alternatively, you can see a short, to the point, poster: "Key numbers in biology" 

(Moran, Phillips, and Milo, Cell (2010)). In this poster, we see that the typical life-time of 

	
Figure 5.1: mRNA and protein concentrations inside a cell due to constitutive (constant) 
gene expression (Equations 5.16 and 5.17).  Red curve (m(t) in equation 5.16) and blue curve 
(p(t) in equation 5.17). Here, γm = 5, γp = 1, km = 1, and kp = 2 (all in arbitrary units). Note that for 
these choice of values, the mRNA concentration reaches equilibrium (steady state) value much 
faster than the protein concentration. Thus for these values, the quasi-steady state approximation 
is valid. Note that if the red curve reaches a "flat" line at about the same time as the blue curve 
reaching its "flat" line, then the quasi steady state approximation that we used to derive these 
equations would not be valid. 

http://www.Bionumbers.org
http://dx.doi.org/10.1016/j.cell.2010.06.019
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mRNA is shorter than the typical life-time of protein. By "life time", we mean "half life". Half 

life is the time taken for the concentration of a molecule to decrease to half of its current 

value. We see from this reference that the half-life of typical mRNA molecules are: 

 

Organism Half-life of typical mRNA 

E. coli 5 minutes 

Budding yeast (Saccharomyces cerevisiae) 20 minutes 

Human cell 600 minutes 

 

Now, what about half-life of proteins? Many proteins, including the fluorescent proteins such 

as the GFP (Green Fluorescent Protein) that researchers often use to measure gene 

expression in a cell, are very stable. This means that if the cell were not to divide and yet live 

happily, the GFP does not degrade because there is no active mechanism in a cell that 

would degrade it. The way for the concentration to decrease to half its current value is if the 

cell divides. In this process, the mother (original) cell divides into two cells (i.e., the mother 

gives rise to a daughter cell), and in this process the mother cell must give some of its 

proteins to the daughter cell. For most biomolecules, the mother cell has no way of counting 

or regulating many proteins she gives to her daughter. Our differential equations describe the 

average concentrations inside a cell. On average, we expect that the mother to get the half of 

the proteins and the daughter to inherit the remaining half of the proteins. Thus the 

degradation rate 𝛾! is set by the doubling time of the cell. We can calculate 𝛾! in terms of the 

doubling time τ. The doubling time is the average time taken for a cell to grow in size 

(approximately twice its initial size) and then divide into two, thus going from one cell to two 

cells. Let N(t) be the integer number of protein X inside a cell at time t and V(t) be the volume 

of the cell at time t. t=0 is the beginning of a cell cycle (for the daughter cell, its cell cycle is 

just after it is born). Then the concentration inside the cell is 𝑥 = 𝑁(𝑡) 𝑉(𝑡). Thus we have 

𝑑𝑥
𝑑𝑡

=
𝑑(𝑁 𝑉)
𝑑𝑡

                                               

      =
1
𝑉
𝑑𝑁
𝑑𝑡

−
𝑁
𝑉

1
𝑉
𝑑𝑉
𝑑𝑡

                (5.18) 

just by using product rule for differentiation. Confining ourselves to looking just inside one 

cell, we see that the volume changes over time as 

𝑉(𝑡) = 𝑉!2!/!                               

          = 𝑉!𝑒!"                   (5.19) 

where VO is the volume of the cell at t=0 and 𝜇 = 𝑙𝑛(2) 𝜏. µ is called the growth rate of the 

cell. Then computing 𝑑𝑉 𝑑𝑡, our equation for 𝑑𝑥 𝑑𝑡 becomes 
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𝑑𝑥
𝑑𝑡

=
1
𝑉
𝑑𝑁
𝑑𝑡

− 𝜇𝑥                    (5.20) 

 

Assuming that a constant translation rate kN for the absolute (integer) number of proteins 

(i.e., dN(t) / dt = kN), above equation becomes  

 

𝑑𝑥
𝑑𝑡

=
𝑘!
𝑉
− 𝜇𝑥                       (5.21) 

Above equation would be identical to the equation that we derived before if the production 

rate in terms of concentration !!
!

 were constant. But note that since the cell volume can 

double within the doubling time (i.e., cell cycle time), this is untrue. The production rate !!
!

 

can decrease by as much half. But we ignore this and say that !!
!

 = k and γ = µ.  In this 

sense, we have just re-derived our dx / dt in a different way. The important point here is that 

for very stable proteins, if you know the doubling time of the cell, then you know the dilution 

rate of the protein in the equation for dx / dt. The typical values for division times are 

Organism Typical division (doubling) time 

E. coli 30 minutes 

Budding yeast (Saccharomyces cerevisiae) 90 minutes 

Human cell 3000 minutes 

 

Recall from the equations 5.16. and 5.17 that the time for the mRNA concentration to reach 

its equilibrium is determined only by γm and that the time for the protein concentration to 

reach equilibrium is determined only by γp. Specifically, the time for the mRNA concentration 

to reach its steady-state value is roughly 1/γm and the time for the protein concentration to 

reach its steady-state value is roughly 1/γp (note also that these inverses of degradation rates 

have unit of time). Thus the ratio of 1/γm to 1/γp tells us how must faster mRNA concentration 

reaches steady state compared to the protein concentration. With the two tables above, we 

can compute these values (see below table): 

 

Thus comparing the γp with γm, we have 

Organism 𝟏/𝜸𝒎
𝟏/𝜸𝒑

=
time taken for [mRNA] to equilibrate
time taken for [protein] to equilibrate

 

E. coli 0.17 

Budding yeast (Saccharomyces cerevisiae) 0.22 

Human cell 0.20 
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In other words, in E. coli, within 5 minutes the [mRNA] reaches equilibrium while the [protein] 

only reaches steady state in about 30 minutes (so roughly speaking, for the rest of the 25 

minutes the protein concentration really is acting on a constant concentration of mRNA).  

Above table tells us that our quasi-steady state approximation was indeed valid. 

 

5.3. Genetic circuit II: Positive feedback (autoregulation) 

We now consider a genetic circuit with one gene with a positive feedback. Here, the gene X 

produces protein X that is an activator of its own transcription. That is, protein X binds to the 

promoter of gene X, which increases the transcription rate of X. This in turn increases the 

production rate of protein X. Such a circuit is called an autoregulatory positive feedback 

circuit. Note that biology is full of exceptions. There are cases in which the increase in the 

mRNA concentration does not lead to an increase in the protein concentration. But let us 

ignore those important, but exceptional cases here.  

 The basic equation that describes the protein concentration x is  
𝑑𝑥
𝑑𝑡

= 𝑓(𝑥) − 𝑔(𝑥)           (5.22) 

where f(x) and g(x) are creation and destruction functions of protein. We assume a first-order 

degradation reaction, thus we have g(x) = γx.  As for f(x), we use our result from Lecture 2. In 

Lecture 2, we derived the average number of proteins that bind to a promoter (equations 

2.11 and 2.16 in Lecture notes 2). Motivated by this, we have 

𝑓(𝑥) =
𝑉𝑥!

𝐾! + 𝑥!
                      (5.23) 

where V is the maximum rate of production, K is the half-saturation concentration (i.e., when 

x=K, f(x) = V/2), and n is the Hill coefficient. There are four constants (V, K, n, and γ). Let us 

try to reduce them. We can do this by choosing to measure the concentration x and time t in 

the right units (rather than mM and seconds, we can measure them in terms of one of the 

parameters that we are trying to eliminate). To see this, we first divide the equation for dx/dt 

by K to obtain 

 

𝐾
𝑑 𝑥 𝐾
𝑑𝑡

=
𝑉 𝑥

𝐾
!

1 + 𝑥
𝐾

! − 𝛾𝐾
𝑥
𝐾

            (5.24) 

Here you see that all instances of x now appear as x/K. This tells us that we can measure x 

in terms of K. But from the equation above, it is not clear that we have "eliminated" the 

parameter K since it still appears in the above equation even if we define a new variable 

𝑥 ≡ 𝑥/𝐾. Eliminating K from our equation was the whole motivation in the first place! Hold 

your breath. We are not done yet. Remember, we also wanted to rescale t.  To do so, note 
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that γ has units of 1/time. Motivated by this, multiply the t by γ and compensate it by dividing 

by 𝛾 to get  

𝛾𝐾
𝑑 𝑥 𝐾
𝑑(𝛾𝑡)

=
𝑉 𝑥

𝐾
!

1 + 𝑥
𝐾

! − 𝛾𝐾
𝑥
𝐾

             (5.25) 

Then introducing the dimensionless variables: 𝑥 ≡ 𝑥/𝐾 and 𝑡 ≡  𝛾𝑡, we have 

𝑑𝑥
𝑑𝑡

=
𝑉𝑥!

1 + 𝑥!
− 𝑥                        (5.26) 

where 𝑉 ≡ !
!"

 is a dimensionless constant that describes the maximal production rate of 𝑥. 

We can stop and appreciate that we went from four constants to just one constant 𝑉. To do 

so, we just had to pick a more sensible units to measure x and t. x is now measured in terms 

of the half-saturation concentration K. t is now measured in terms of the typical degradation 

time 1/γ. K and γ set the relevant scales in this genetic circuit. 

 

 Let us now analyze above equation. To write the equation easier, we will just drop the 

tilde  (squiggly) symbol above all the terms to just write 

𝑑𝑥
𝑑𝑡

=
𝑉𝑥!

1 + 𝑥!
− 𝑥              (5.27) 

We cannot analytically solve above equation with just a pen and paper to get x(t). You can 

solve it numerically (graphically) by using a software such as MATLAB. The most important 

feature is the number and the stability of fixed points that the genetic circuit generates. The 

fixed points occur when dx/dt = 0 (i.e., the concentration of the protein does not change over 

time). This occurs if and only if the rate curves 𝑓(𝑥) = !!!

!!!!
 and 𝑔(𝑥) = 𝑥 intersect. Instead of 

solving for the points of intersection, it is more informative to just plot the two rate curves 

onto one place and then see where and how they intersect each other. To do this we need to 

assign numbers to the dimensionless parameters n and V. Let us examine a few different 

values that each produce qualitatively different features. 

 

Case 1: Monostable circuit (gene expression is OFF) - 1 stable fixed point 

V=1, n=1: Plotting the rate curves (Figure 5.2) we see that the production and degradation 

rate curves intersect only when x=0. The gene can remain OFF. If the cell accidentally 

makes more of the protein, the circuit adjusts the level so that all the protein X disappears 

inside the cell after some time (the time to return to the equilibrium depends on how far away 

from the stable fixed point (in this case, x=0) the cell is and the difference between the 

degradation  rate (g(x)) and the production rate (f(x)) around the fixed point. 

 



AP3161 - Cellular Dynamics  Hyun Youk 
Lecture 5: Basic genetic circuits   TU Delft (March 2016) 

	 5	-	10	

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 
Figure 5.2: V=1, n=1 - One stable fixed point (black circle). The production and 
degradation rate curves intersect only when x=0 (at the black circle). This point is a 
stable fixed point because if there is a slight increase x, the degradation rate (red curve) 
is higher than the production rate (blue curve). Thus the cell degrades the protein at a 
higher rate than creating it. Thus x returns to x=0. This is why x=0 is a stable fixed 
point. 	
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Case 2: Monostable circuit (gene expression is ON) - 1 unstable fixed point and 1 stable 

fixed point  

V = 2, n = 1: 

 

 

  

	
Figure 5.3: V=2, n=1 - One unstable fixed point (white circle) and one stable fixed point 
(black circle). The production and degradation rate curves intersect at two points: x=0 (white 
circle) and x = 1 (black circle). At x=0, we have an unstable fixed point because for a slight 
increase in x, the production rate (blue curve) is higher than the degradation rate (red curve). A 
slight increase in x from x=0 causes the cell to "run away" towards x=1. For this reason, the white 
circle is an unstable fixed point (we also say "unstable equilibrium"). At x=1, we have a stable 
fixed point (also called "stable equilibrium"). For a slight increase in x from x=1, the red curve 
(degradation rate) lies above the blue curve (production rate). This decreases x towards x=1. For a 
slight decrease in x from x=1, the blue curve (production rate) lies above the red curve 
(degradation rate). This causes the circuit to produce more x until x reaches x=1. For these 
reasons, the black point at x=1 is a stable fixed point. 	
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Case 3: Bistable circuit (OFF & ON) - 2 stable fixed points separated by 1 unstable fixed 

point 

V = 5, n = 2 

 

 

 

 

 

 

 

	
Figure 5.4: V=2, n=2 - One unstable fixed point (white circle) and two stable fixed points 
(black circles). The circuit is bistable (means that there are two stable fixed points - the two 
black circles). For this circuit, the gene expression has only two stable values. Namely, the 
gene can be either "off" (x=0) or the gene can be "on" (x=2). The cell can have other values of 
x besides the off and on values, but only transiently. For example, if the cell has x=3, the net 
degradation in protein (due to the degradation rate being higher than the production rate for 
x>2) causes the value of x to drop until it reaches x=2.  The white circle at x=0.5 is an unstable 
fixed point that we call a threshold. The threshold separates the off and on states.  If the value 
of x is initially at x=0 and some perturbation causes the x to go above the threshold point, (e.g., 
a cell makes an error and abruptly produces more protein), then the value of x runs away from 
x=0 until it reaches the on state. If the cell starts from x=1 (on state), and a perturbation causes 
the x to drop below the threshold value (x=0.5), then the value of x runs away from x=1 until it 
reaches x=0 (the off state).	


