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Problem	  1:	  Modeling	  cell	  growth	  
a)	  Let N be the number of cells at time t. Let τ be the "doubling time" - the time 
interval between cell divisions. If N0 is the number of cells at t=0, show that	   
	  

𝑁(𝑡)   =   𝑁!𝑒!" ,	  
 
and identify what	  µ is in terms of τ. µ is called the "growth rate" of a cell. 
 
b) What is the differential equation that describes N(t)? That is, what is dN/dt = ? 
 
c) The equation in (b) assumes that no cell death occurs. Here's a fun calculation to 
show an amazing consequence of exponential growth. Mass of the Earth is 
approximately 1025 kg. The mass of a typical bacterial cell, such as E. coli cell, is 
about 10-15 kg. E. coli typically divides every 30 minutes. If a population starts with a 
single E. coli cell, how many days will it take for the total mass of the population to 
reach the mass of the Earth? 
 
d) Above problem shows that a constraint must be imposed on how large a 
population can grow, for otherwise life wouldn't exist on Earth. Here's a provisional 
fix. Suppose every cell dies in a first-order process, with rate γ (has units of 1 / (time) 
). Each cell divides with a doubling time of τ. Show that this still leads to exponential 
growth: 𝑁(𝑡)   =   𝑁!𝑒!". What is now µ? Here, you can assume that γ < ln(2)/τ. 
 
e) We need to constrain the population size. The provision in (d) doesn't impose this 
constraint because each cell's chance of dying is independent of the total size of the 
population. A more proper equation that constrains the population size is the "logistic 
equation": 
 

𝑑𝑁
𝑑𝑡

= 𝜇(1 −
𝑁
𝐾
)𝑁 

 
where K is called the "carrying capacity" and represents the limitation in the amount 
of food, resources, space, and other essential elements for survival. 

i) When the population size is small, show that 𝑁(𝑡)  ~  𝑁!𝑒!". What does it 
mean for a population size to be "small"? 
 
ii) What is the steady-state population size? We see here that unlike the 
provisional fix in (d), the logistic equation ensures that there's a maximum 
stable population size no matter how fast a cell divides. 
 
iii) Show that the steady-state size you found in (ii) is a stable fixed point. 

 
 
Problem	  2.	  Nullclines	  for	  genetic	  flip-‐flop	  switch	  
Consider	  two	  genes	  X	  and	  Y.	  	  'Gene	  X'	  produces	  protein	  X	  that	  represses	  production	  of	  
protein	  Y.	  'Gene	  Y'	  produces	  protein	  Y	  that	  represses	  production	  of	  protein	  X.	  A	  "genetic	  
circuit	  diagram"	  that	  represents	  this	  genetic	  circuit	  is:	  

	  
Fig. 1: Flip-flop switch. The blunt-ended arrows indicate 
repressions. For example, the blunt-ended arrow emanating from 
gene X (box containing X) and terminating at the promoter of 
gene Y (arrow in front of box containing Y) represents protein X 
repressing production of Y by binding at the promoter of Y. 	  
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Simplified equations that describe this circuit are 
 

𝑑𝑥
𝑑𝑡

=
𝑉

1 + 𝑦!
− 𝑥 

 
𝑑𝑦
𝑑𝑡

=
𝑉

1 + 𝑥!
− 𝑦 

 
where V is the maximal production rate, n is the "Hill coefficient", x is the 
concentration of protein X in a cell, and y is the concentration of protein Y in a cell. 
As discussed in class, note that we get the simplified forms above (i.e., we set some 
parameters to 1) by expressing x and y in units of the half saturation and time t in 
terms of the half-life of x and y. Note that in the simplified case here, we're assuming 
that protein X and protein Y have the same half-life (see our lecture notes for the 
details). 
 
Let 

𝑢(𝑥, 𝑦) =
𝑉

1 + 𝑦!
− 𝑥 

	  

𝑣(𝑥, 𝑦) =
𝑉

1 + 𝑥!
− 𝑦	  

	  
Plotting the set of points (x,y) for which u(x,y)=0 and v(x,y)=0 , we get curves called 
nullclines of u and v respectively. All points (x,y) on the nullcline of u correspond to 
u(x,y)=0. All points (x,y) on the nullcline of v correspond to v(x,y)=0. At special points 
(x0, y0) where the two nullclines intersect, u(x0, y0) =0 and v(x0, y0)=0.  Such special 
point (x0, y0) is called a fixed point. It can be either stable fixed point or an unstable 
fixed point. If (x0, y0) is a stable fixed point, then small perturbations away from (x0, 
y0) cause the system to return back to (x0, y0). That is, (x0, y0) is an attractor point. If 
(x0, y0) is an unstable fixed point, then even very mall perturbations away from (x0, y0) 
cause the system to move away from (x0, y0). 
 
Using MATLAB, plot the following two functions together in one graph. 
	  
a)	  From the plot for V=5, n=1, show graphically that the genetic circuit allows only 
one stable fixed point. Hint: Draw several trajectories that show how a cell's position 
(x,y) would change in this "gene expression space" when you start from an arbitrary 
point at t=0. Are they attracted to or repelled from (x0, y0)? To answer this question, 
note that the nullcline tells you more than just where u =0 and v=0. For instance, if 
you start at a point (x,y) above the nullcline for u, then either u(x,y) < 0 or u(x,y) > 0. 
Applying this logic will help you deduce the trajectories.	  
	  
b)	  From	  the	  plot	  for	  V=5,	  n=4,	  show	  graphically	  that	  there	  are	  two	  stable	  fixed	  points	  
separated	  by	  one	  unstable	  fixed	  point.	  Use	  the	  same	  graphical	  approach	  as	  above.	  This	  
case	  is	  called	  a	  "flip-‐flop"	  switch.	  
	  
The	  two	  main	  lessons	  of	  this	  problem	  are	  1.)	  nullclines	  help	  you	  analyze	  the	  dynamics	  of	  
genetic	  circuits,	  and	  2.)	  The	  genetic	  circuit	  diagram	  (Fig.	  1)	  alone	  is	  insufficient	  for	  
understanding	  the	  circuit's	  behaviour.	  For	  instance,	  only	  certain	  values	  of	  parameters	  V	  
and	  n	  allow	  a	  bistable	  flip-‐flop	  switch.	  This	  problem	  thus	  illustrates	  why	  quantitative	  
reasoning	  is	  indispensible	  in	  biology.	  
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Problem	  3.	  Stochastic	  gene	  expression	  I	  -‐	  How	  long	  do	  you	  need	  to	  wait	  for	  a	  
reaction	  to	  occur?	  
In	  class	  we	  discussed	  how	  stochastic	  effects	  arise	  from	  the	  fact	  that	  many	  biomolecules	  
are	  present	  in	  low	  number	  of	  copies	  inside	  inside	  cells.	  	  Let	  r	  be	  a	  rate	  at	  which	  a	  
chemical	  reaction	  takes	  place.	  By	  this	  we	  mean	  that	  in	  a	  small	  time	  interval	  dt,	  the	  
probability	  that	  a	  single	  reaction	  occurs	  is	  rdt.	  By	  making	  dt	  infinitesimally	  small,	  we	  
ensure	  that	  at	  most	  one	  (i.e.,	  no	  more	  than	  1)	  reaction	  takes	  place	  in	  that	  time	  interval.	  	  
	  
a)	  What	  is	  the	  probability	  that	  no	  reaction	  takes	  place	  during	  the	  interval	  dt?	  
b)	  What is the probability that a reaction occurs during time	  interval	  (τ, τ+dτ) but not 
during (0, τ)? Hint: Note that the probability that no reaction occurs during (0, τ) can 
be decomposed into the product of: probability that no reaction occurs during (0, 
τ−dτ) and probability that no reaction occurs during (τ−dτ, τ). Applying this logic again 
to (0, τ−dτ), you should get a recursion relation. 
 
In fact, show that: 
 

𝑃(𝜏)   =   𝑒!!" 
where 𝑃(𝜏) is the probability that no reaction occurs before time τ. Then applying this 
to the above recursion relation, show that 
 

𝑃(𝜏) = 𝑒!!"𝑟𝑑𝜏 
 
is the probability that the first reaction occurs during the time interval (τ, τ+dτ) . τ is 
the "waiting time" for a reaction. 
 
c.) Show that the average waiting time for a next reaction is < τ > = 1/r. This is the 
average time between two consecutive reactions. Also show that the variance in the 
waiting time is < (Δτ)2  > = 1 / r2. 
	  
	  
Problem	  4.	  Stochastic	  gene	  expression	  II	  -‐	  Gillespie	  simulation	  of	  the	  Master	  
Equation	  
This	  problem	  introduces	  us	  to	  the	  "Gillespie	  algorithm".	  This	  algorithm	  is	  typically	  used	  
nowadays	  to	  simulate	  the	  stochastic	  production	  and	  destruction	  of	  mRNA	  and	  proteins	  
described	  by	  the	  Master	  equation	  that	  we	  derived	  in	  class.	  You	  can	  read	  about	  it	  in	  the	  
original	  publication:	  	  	  

• Daniel	  T.	  Gillespie,	  Exact	  stochastic	  simulation	  of	  coupled	  chemical	  reactions,	  The	  
Journal	  of	  Physical	  Chemistry	  81,	  2340-‐2361	  (1977).	  

	  
a) Let ρ be a random variable in the closed interval [0, 1]: 

0   ≤   𝜌   ≤   1 
Moreover, we let ρ be uniformly over [0, 1]. That is, if you pick a value for ρ out of a 
black box, the probability that you get a value in the interval [x, x+δx] is δx/1.   
	  
Suppose	  we	  define	  another	  random	  variable	  ω as a function of ρ:	  

𝜔   =   
1
𝑟
𝑙𝑜𝑔(

1
𝜌
)	  

 
where r is a constant.  Show that ω has the following probability distribution  
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𝑃(𝜔) = 𝑒!!"𝑟𝑑𝜔 
	  
Note	  that	  this	  is	  the	  same	  distribution	  as	  the	  waiting	  time	  τ that we found in the 
previous problem. 
 
Since ω is distributed exactly like the waiting time, we can write a computer 
simulation code that stochastically simulates the chemical reactions by picking a 
value for ω out of a "box" with the probability distribution P(ω) at different time steps. 
This is the idea behind the Gillespie algorithm. Specifically, the algorithm is as 
follows: 
 

1. Suppose there are N different chemical species, each with initially ni 
molecules. That is, there are n1 integer copies of chemical X1, n2 integer 
copies of chemical X2, ..., and nN integer copies of chemical XN inside a cell. 
Initialize the computer simulation with an array of initial numbers of each 
chemical: (n1, n2, ... , nN). 

2. Initialize the computer simulation with all the reaction rates in the system. For 
example, in the case of protein X being created and degraded, we have only 
two reaction rates: the creation rate k and degradation rate γ. If we have 3 
different proteins (thus from 3 different genes), each with its own production 
and degradation rates, there would be 2 x 3 = 6 rates in the reaction system.  

3. By using uniform distribution over [0, 1], pick a value for ρ. Call this value ρ1. 
Then, 

𝜔! =
1
𝑟!
𝑙𝑜𝑔(

1
𝜌!
) 

gives the corresponding waiting time ω1. By repeatedly picking a new value 
for ρ, and using each new value of ρ to obtain its corresponding ω, generate 
the array of waiting times (ω1, ω2, ..., ωk), where k is the total number of 
reaction rates. 

4. The smallest value in the (ω1, ω2, ..., ωk), let's call it ωi, is the waiting time for 
the next reaction. The next reaction that occurs corresponds to the reaction 
that this smallest ωi describes. Update the computer with the new time: tupdated 
= tnow+ ωi and the new number of molecule, nupdated = nj + 1 (if the reaction 
creates a molecule) or nupdated = nj - 1 (if the reaction destroys a molecule). 
Here nj is the copy number of molecules for the chemical specie that the 
waiting time ωi describes. Do not update any other n since those reactions do 
not take place. Only the reaction with the smallest waiting time takes place. 

5. Go back to step 2, then repeat.  
6. Repeat steps 2-5 for as many time steps as you desire. Typically, this would 

be large enough number of steps so that the system reaches a fluctuation 
around the mean value for each nj. 

 
b) Write a MATLAB code that simulates the simplest case of gene expression that 
we studied in class, the case of constant production rate with a first-order 
degradation: 
 

𝑑 < 𝑛 >
𝑑𝑡

= 𝑘 − 𝛾 < 𝑛 > 

where	  k	  is	  the	  production	  rate,	  γ is the degradation rate, and n is the integer number 
of copies of protein X. Plot the stochastic n along with the deterministic < n > as a 
function time. Run the simulation several times to compare the stochastic trajectories 
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of n as a function of time. Start all simulations with initially zero molecules. Note that 
since this is a stochastic simulation, n will behave differently in each simulation. 
	  
	  
Problem	  5.	  Fokker-‐Planck	  approximation	  of	  the	  Master	  Equation	  	  
In	  the	  lecture	  notes,	  we	  derived	  the	  Fokker-‐Planck	  equation	  that	  approximates	  the	  
master	  equation:	  
	  

𝜕𝑝(𝑛, 𝑡)
𝜕𝑡

= −
𝜕
𝜕𝑛

[(𝑓 − 𝑔)𝑝 −
1
2
𝜕
𝜕𝑛

(𝑓 + 𝑔)𝑝] ≡ −
𝜕𝐽
𝜕𝑛
	  

	  
where	  J	  is	  the	  probability	  current,	  f	  	  is	  the	  production	  function,	  g	  is	  the	  degradation	  
function,	  and	  p(n,t)	  is	  the	  probability	  (or	  fraction	  of	  cells	  in	  a	  population)	  that	  has	  n	  
molecules	  of	  X	  at	  time	  t.	  This	  defines	  a	  transport	  equation	  of	  probability	  currents.	  	  	  Since	  
the	  Fokker-‐Planck	  equation	  is	  a	  deterministic	  equation	  for	  the	  probability	  functions,	  we	  
do	  not	  have	  to	  use	  stochastic	  simulations	  anymore.	  Yet	  it's	  an	  equation	  for	  probabilities.	  
Thus	  the	  Fokker-‐Planck	  approximation	  gives	  us	  the	  best	  of	  both	  worlds:	  the	  
computationally	  less	  intensive	  deterministic	  description	  and	  the	  stochastic	  description	  
necessary	  to	  describe	  processes	  involving	  few	  molecules	  in	  a	  cell.	  	  	  
	  
a)	  Solve	  the	  Fokker-‐Planck	  equation	  for	  a	  steady-‐state	  system.	  This	  can	  represent	  a	  
scenario	  in	  which	  a	  cell's	  production	  and	  degradation	  rates	  have	  established	  a	  steady-‐
state	  level	  of	  protein	  (or	  mRNA)	  concentration.	  Hint:	  Boundary	  condition	  at	  n=0	  -‐	  no	  
particle	  can	  cross	  into	  negative	  n.	  Also,	  if	  you	  consider	  a	  small	  box	  of	  width	  dn,	  flux	  to	  
the	  left	  and	  flux	  to	  the	  right	  must	  be	  balanced	  in	  steady-‐state.	  Your	  solution	  should	  be	  
	  

𝑝(𝑛) =
𝐶

𝑓 + 𝑔
𝑒!!(!)	  

	  
where	  
	  

𝑈(𝑛) ≡ − 2
𝑓 − 𝑔
𝑓 + 𝑔

𝑑𝑛′
!

!
	  

	  
represents	  a	  "potential	  energy"	  function	  (of	  course	  there's	  no	  real	  energy	  in	  this	  
description).	  
	  
b)	  For	  the	  case	  of	  a	  gene	  X	  that	  positively	  feedbacks	  on	  itself	  that	  we	  discussed	  in	  class,	  
we	  can	  have	  
	  

𝑑𝑥
𝑑𝑡

=
𝑣! + 𝑣!𝐾𝑥!

1 + 𝐾𝑥!
− 𝑥	  

	  
where	  x	  is	  the	  concentration	  of	  protein	  X.	  With	  the	  help	  of	  a	  MATLAB	  script,	  numerically	  
evaluate	  p(n),	  and	  	  U(n)	  when	  this	  genetic	  circuit	  stabilizes.	  Use	  K	  =	  10-‐4,	  v0=12.5	  and	  
v1=200.	  Also	  try	  for	  the	  case	  K	  =	  10-‐2.	  You	  should	  get	  a	  double-‐well	  potential	  for	  the	  first	  
case.	  This	  represents	  a	  bistable	  genetic	  circuit	  that	  enables	  bimodal	  gene	  expression	  in	  a	  
population	  of	  genetically	  identical	  cells.	  Compare	  with	  what	  you	  expect	  from	  f(x)-‐g(x),	  
where	  f(x)	  is	  the	  first	  term	  in	  above	  equation	  (sigmoidal	  production	  function)	  and	  
g(x)=x,	  the	  second	  term	  in	  above	  equation	  representing	  first-‐order	  degradation.	  	  
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c)	  What	  determines	  in	  which	  of	  the	  two	  potential	  wells	  (i.e.,	  gene	  expression	  state)	  a	  cell	  
ends	  up	  at?	  
	  
	  


